ME 400

Project and Thesis

Electro-Thermo-Mechanical Response of a Thin
Conductive Layer of Metal Matrix Composite
Reinforced by Graphite Fibers

Submitted for the partial fulfillment of the requirements for the award of the degree

of

Bachelor of Science
In

Mechanical Engineering

Submitted By
Md. Niazul Islam Nishat (1510138)

Kazi Tahsin Mahmood (1510148)

Under the Supervision of

Dr. S. Reaz Ahmed

Department of Mechanical Engineering
Bangladesh University of Engineering and Technology
Zahir Raihan Road, Dhaka-1000



Department of Mechanical Engineering

Bangladesh University of Engineering and
Technology

Declaration

This thesis is submitted to the Department of Mechanical Engineering, Bangladesh Univer-
sity of Engineering and Technology, Dhaka for the Partial fulfillment of the requirement of
the award of degree of Bachelor in Science in Mechanical Engineering. This certifies that
the work presented in this section is an outcome of investigation performed by the authors
under the supervision of Dr. Sheikh Reaz Ahmed, Professor, Department of Mechanical En-

gineering.

Author

Md. Niazul Islam Nishat

Kazi Tahsin Mahmood

Signature of Supervisor
Dr. S. Reaz Ahmed

Professor, Department of Mechanical Engineering



ACKNOWLEDGEMENT

We would like to thank Dr. S. Reaz Ahmed for his constant support and motivation. Without
his help we would not have accomplished the work. We would like to thank cordially for
his instruction and dedication. The thesis is based on the previous work of our supervisor
and with his support the thesis was completed.

We would like to thank Pranta Rahman Sarkar and Adib Rahman for supporting us in the
understanding of the simulation of the metal line.

We would like to thank Bangladesh University of Engineering and Technology for providing
us the necessary equipment needed for undertaking the thesis.



MOTIVATION

The thesis is based on the electrical usage of different structural materials and the sustain-
ability in both heating and the mechanical stability. There are previous works done on the
mechanical stability of structural orthotropic materials. But the heat generated due to the
DC field current in the metal line in different air flow arrangements are relatively new re-
search approach. Various kinds of PCB traces are used for electrical components. So, we
took an approach to observe the stress migration in the trace MMC line due to the electrical
current in the system. The thesis is based on the finite difference approach of the electrical
and elastic model of the MMC line through entire system. We tried to determine the failure
behavior of different materials at different condition.
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ABSTRACT

The paper was undertaken to analyze the electro thermo mechanical behavior of orthotropic
material for metal line of PCB under DC electric field. The behavior was considered of Metal-
Graphite composite consists of different mixture volume. The metal matrix was chosen Alu-
minium. Composite material parameter is calculated using rule of mixture law assuming up
to 30% fiber volume content of graphite in the metal matrix. Governing equations describing
electromagnetic, thermal and mechanical field in anisotropic materials are analyzed. There
are different physical conditions like thermal insulation, natural convection and forced con-
vection is considered to study the thermal behavior change in the composite. The governing
equations are of both 2" order and 4! order which is solved using finite difference method.
There are mixed boundary values for both electrical and stress problem are applied in the
boundary regions of MMC line. A closed form solution for temperature field is obtained and
used for determining the compressive stress developed across the metal line. The change of
temperature and compressive stress generation with the different graphite volume has been
observed. For the same volume composition, the temperature rises with the increase of cur-
rent which results in increase of compressive stress. With that, the failure characteristics are
studied to determine the sustainability of the composite MMC line. Failure due to melting
point temperature and mechanical failure due to stress has been observed.
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Introduction

1.1 General

In modern technology structural material is prominent due to various kinds of usage in the
different sectors. Different types of materials used in these cases. The materials have to un-
dergo different types of procedures in these sectors. In an ongoing age of technology these
materials have to perform various types of tasks. One of the sectors the materials are used is
in PCB board. The PCB board traces are used for transmitting the electrical signal through
current across the components as DC current. Different types of loading are given in these
materials. The trace materials have to withstand both electrical and mechanical loading.
In a two-dimensional elastic problem with mixed boundary problem there are various ap-
proaches that can be taken to solve the problem. DC current is passed through electrical
structures. In modern electrical facilities sustainable electrical components are needed for
better performance. The structure should sustain both temperature and mechanical change
in the system. Electricity on metal thin lines creates high temperature in the structure and
the temperature varies with the distance and orientation. Advancement of the DC current
creates high temperature in different regions of the metal matrix composite (MMC) line.
With the high temperature, stress is created in those regions. For that failure occurs in the
specific region. In this specific problem there are two types of failure occurring in the MMC
line. For a DC field current the MMC line opposes the current due to internal resistivity.
As a matter joule heating is produced across the MMC line. If the heating produced by the
system is higher than the melting point than the MMC line fails. A temperature field is pro-
duced across the MMC line. Because of the temperature variation across the MMC line ther-
mal stress migration is generated. With the stress migration failure also occurs in different
regions of the metal line. So, there are two types of failure that can occur. Failure is an impor-
tant characteristic for any material as it is related to the durability of the material. Different
types of material show different failure characteristics. In this thesis we have studied those
failure characteristics of some orthotropic material. This failure characteristics also helps
to determine the maximum allowable current across the MMC line and also the maximum
allowable load that the material can withstand. Zhupanska and Sieraskowski previously
studied the electro-thermo-mechanical coupling of carbon polymer matrix [1]. They have
studied the behavior of carbon polymer due to DC electric field. Arani has studied about
the electro-thermo mechanical response of FGPM spheres and boron-nitride nanotubes us-
ing analytical and ANSYS simulation [2] [3].

The response of a solid body due to the temperature and mechanical load is dependent on
the geometry of the body. In our case we have chosen the trace as a simply supported beam
structure. The body responses with the loads in different ways. If the geometry is changed
the stress migration differs. There are also mixed boundary conditions applied in the MMC

line in both electrical field and mechanical load. In our case we are interested in the dis-
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placement and the stress generated across the MMC line. The material of the metal line is
homogeneous and distributed uniformly along the body.

1.2 Metal Matrix Composite

In the previous studies the electrical current study is emphasized on the isotropic materials.
In the beginning of the industrial revolution only the materials of specific and similar prop-
erties were used. The use of different types of alloys gives significant improvement of the
material properties. With the advancement of the technology composite materials are pop-
ular in different structural sectors. Composite materials give huge improvement over the
alloy material. Composite materials are also of different types. The material property for an
isotropic material is similar across all the orientation. In our approach we tried to study the
stress migration due to the DC electric field across the metal line of a composite material.
In material science and solid mechanics, orthotropic materials have material properties that
differ along three mutually-orthogonal two-fold axes of rotational symmetry at a particular
point [4]. The orthotropic material properties are evaluated using metal matrix composite.
A metal matrix composite (MMC) is a composite material with at least two constituent parts,
one being a metal necessarily, the other material may be a different metal or another mate-
rial, such as a ceramic or organic compound. When at least three materials are present, it is
called a hybrid composite [5]. The metal matrix composites are constituted using different
materials and their properties [6] [7] [8]. The properties of the composites are evaluated us-
ing mixture law. The evaluation of carbon-based reinforced polymer matrix is used also for
the analysis of the electro-thermo-mechanical analysis [9]. The material property for both 0°
and 90° fiber are that are used are given in table A6 and table A7.

Different types of material are used for different sectors for their different properties. In
recent times structural based materials are used in very high thermal and mechanical load-
based work. Metallurgists are using different techniques to find out the best optimum prop-

erty of the different mixtures of the materials.

1.3 Electrical Modeling

The main objective of our thesis is to study the electric behavior of the MMC line using a
DC electric field. In the metal we have passed electricity through one end of the MMC line.
The electric current creates an electric potential along the metal line. The electrical conduc-
tivity along the MMC line creates an electric potential difference. An electric potential (also
called the electric field potential, potential drop or the electrostatic potential) is the amount
of work needed to move a unit of charge from a reference point to a specific point inside the

tield without producing an acceleration [10]. The current density varies along the MMC line
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with the change of area. With the change of dimension current density changes.

Previously, Carslaw and Jaeger studied the heat conduction through a wire for current den-
sity [11]. Steady heat distribution near the tip of a crack in a homogeneous isotropic con-
ductive plate was analyzed by Saka and Abe [12]. They analyzed the problem under direct
electric field with the help of path independent integral. Sasagawa determined the current
and temperature distribution near the corner of an angled metal line [13]. They discussed
about the intensities of singular current density field and singular heat flux field. Green-
wood and Williamson evaluated the electrical conductance in temperature dependent solids
[14]. Jang evaluated the same problem using two dissimilar material across an interference
[15]. The materials were coupled together and for a steady state electrical and thermal con-
duction. Wang also presented analytical solutions for the electrical and thermal conduction
for a co-linear crack with a constant flux boundary condition at an infinite region [16]. This
is accomplished by using a complex function method. Recently, a new approach taken by
Saka and Ahmed using a Joule heating residue vector for the steady heat conduction in sym-
metrical electro-thermal problems [17]. Similarly, a non-linear approach was also taken for
the electro-thermal response for a dissimilar material conductive wire with variable thermal
conductivity [18]. And with this approach, Saka and Zhao analyzed the 2D electro-thermal
problem of dissimilar materials in an angled metal line [19]. In the recent time, Ghosh ana-
lyzed the temperature distribution of a thin FGM metal line due to DC electric field [20].

1.4 Thermal Modeling

Due to the electricity, Joule heating is created along the MMC line. The heating results in an
increase of temperature across the region of the MMC line. The temperature field changes
with the material and surrounding. To study the temperature behavior, we have considered
three cases, thermal insulation, natural convection and forced convection. The temperature
tield shows different behavior due to these conditions. To study the temperature propaga-
tion, we have modeled the MMC line using the heat convection equation [21]. In modern
technology, heating of metal structures, PCB and electrical circuit boards are common. To
cool those down different types of convection are allowed in the metal lines. There are some
of the cases where thermal insulation is necessary. So, we have studied the thermal behav-
ior in each of the cases. In force convection, the flow in the metal line changes with the
particle movement. If the particle follows a smooth path then the flow is laminar and if the
particle creates a vortex and does not follow a smooth path the flow is turbulent. So, to
define these characteristics we have to define a non-dimensional parameter called Reynolds
number (Re). Again, the heat conduction and convection depend on the heat convection
coefficient which defines the heat convection capacity of the fluid. To determine the heat

convective coefficient, we have to define another non-dimensional parameter called Nus-
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selt number (Nu). To define the fluid and fluid state at different temperatures we have to
use the Prandtl number (Pr) [21]. With the joule heating, the temperature in the MMC line
increases. We have studied the temperature at a steady state condition generated due to
the electric field. Now the increase of current increases temperature. For the failure of the
material the temperature has to be increased to the melting point. So, in our thesis we have
analyzed the maximum allowable current for a metal line before the melting failure occurs.

With this we can determine the current capacity of the metal line.

The temperature distribution along the metal line depends mostly on the material property
and material thermal response to different conditions. Thermal distribution varies with the
geometry and also with the change of surface area. The orientation of different material
properties changes the temperature field across the metal line. Different studies have been
conducted to find out the temperature field of different structures. Zhang and Zhou an-
alyzed the heat transfer of both steady state and transient phenomena using element free
Galerkin method [22] [23]. Cheng analyzed the temperature field of an anisotropic coat-
ing structure by boundary element method [24]. The coating is much thinner in contrast
with the conventional boundary element method. The temperature fields are related to the

material property and the insulation created within the boundary.

1.5 Stress Modeling

In modern technology, stress and strain of a material is very important for sustainability and
longevity. There is plenty of research being developed for the introduction of more reliable
material. These materials have to undergo different kinds of load. Due to joule heating the
temperature can create thermal stress across the metal line. In the metal line we have also

applied external load to determine the mechanical stress produced in the metal line.

In the structural mechanics, precise stress formulation is for building the geometry of the
product. Elementary methods were used in solving the stress formulation in an object. But
these methods do not give accurate results. And these methods also do not help to deter-
mine the local stresses that are built in the edges and also in the cracks. So, to solve the
problems exact solutions are used in the stress formulation. But for some simple cases exact
solutions can be achieved by mathematical solutions. For non-uniform geometry it is very
difficult to make an exact solution of the geometry. Even in the exact mathematical solution
of uniform geometry the solution is much more complicated. So, it often creates errors. In
case of an easier approach, we use various approximate methods. Approximate methods
are more convenient as those give an easier approach solving the multi-dimensional equa-
tion. These methods also help to solve the non-uniform geometry products and give better

results. But there are some cases where approximate solutions cannot be used. In that case
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the best way to solve the problem is to use experimental methods. Different kinds of experi-
mental methods like strain gauge, photo-elastic method, soap film, moiré fringe [25]. These
experiments have helped modern design of machine parts and their formulation. It has also
helped determine the weak spot of the structure and eliminate crack propagation.

In our thesis we have approached with the approximate solution of the electrical and stress
formulation. There are various approximate solutions. Among all of them, the most notable
one is the G. B. Airy’s displacement parameter approach [25]. The Airy stress function is
governed by a fourth order partial differential equation and the stress function is a second
order partial differential equation. Solutions were analyzed through various polynomial
equations but there are various amounts of errors which decreases the success rate. Con-
way, Chow, Chapel in their studies has solved the stress function formulation with finite
difference technique in plane stress problems which has increased success rate [26] [27] [28].
But the boundary conditions restrained in terms of displacement components can be suc-
cessfully imposed in stress function. Those difficulties were improved by Durelli [29] and
later by Ahmed in their research of different beam structures [30] [31] [32] for solving stress
function. Afsar analyzed the thermoelastic field of a rotating FGM circular disk [33]. But the
simultaneous evaluation of two functions satisfying two differential equations is extremely
difficult especially when the boundary conditions are specified as a mixture of displace-
ments and stresses. As a result, serious attempts had hardly been made in the field of stress
analysis using this formulation. There was an analytical solution regarding this process
for removing the difficulties in the formulation [34]. In the later Zubaer gave a generalized
mathematical formula for solving mixed boundary value elastic problems [35]. The research
was suitable for a three-dimensional mixed boundary value problem using finite difference
analysis. Ghosh analyzed the stress formulation of a curved beam using the mixed bound-
ary value solution.

In the later studies thermal stress was introduced due to the high effect of temperature in the
metal line. Different types of thermal condition then became a point of interest in the study
of stress formulation. Malak Naji investigated the thermal stress by determining the tran-
sient temperature variation using hyperbolic energy models [36]. In his study he found that
the transient thermal stresses that were generated inside the body fluctuates between tensile
and compressive stresses, which was not predicted using classical heat models. Demirbas
analyzed the thermal stress of one and two dimensional functionally graded materials sub-
jected to in plane heat fluxes [37]. The mathematical formula considers the spatial deriva-
tives of local mechanical and thermal properties. Later, she analyzed the thermal stress
using temperature dependent material properties [38]. Xu and Zhou analyzed the thermoe-
lastic property of simply supported beams with variable thickness and subjected to thermo-

mechanical loads [39].
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Different studies impacted the analysis of thermo mechanical systems throughout the years.
Plenty of studies have been undertaken to make better structural material and structure to
undergo various types of loading criteria. Failure to study is a very important perspective
in this case as it directly impacts the sustainability of the product.

1.6 Numerical Modeling

The analytical method of solving the differential equations is very tedious as it involves
different formulation and derivation. With technological advancement the formulation of
these various problems needs to be faster. Analytical methods are slower and time consum-
ing. In numerical analysis the problem becomes easier. Numerical analysis is the study of
algorithms that use numerical approximation for the problem of mathematical analysis [40].
Various types of numerical approximation are considered for solving the differential equa-
tion. We used a finite difference method to solve the differential equations. The method
is also applicable for boundary value problems. To solve the finite difference method, we
used the programming language MATLAB. It is a very popular programming language for
solving various kinds of computational problems.
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Mathematical Formulation

2.1 General

In our thesis we have considered three different aspects of the MMC line. The MMC line
is subjected to DC electric field, a convective air field. These different aspects are solved by
using different mathematical equation. When three different aspects are combined there are
various kinds of solution is measured at different boundary conditions. The mathematical
model works sequentially. The loading of current field creates a temperature field across the
MMC line which then migrates to the stress field. We have generated these different fields
by using the corresponding governing equations.

2.2 Mixture Law

In materials science, a general rule of mixtures is a weighted mean used to predict vari-
ous properties of a composite material made up of continuous and unidirectional fibers. It
provides a theoretical upper- and lower-bound on properties such as the elastic modulus,
mass density, ultimate tensile strength, thermal conductivity, and electrical conductivity[6].
In general there are two models, one for axial loading (Voigt model), and one for transverse
loading (Reuss model).

Matrix

Fiber

N

N
[

Direction of Principal
Stress

Figure 2.1: Model of idealized transverse isotropic fiber composite structure

2.21 Longitudinal Young’s Modulus

Assuming that the fibers, matrix, and composite follow Hooke’s law and that the fibers and
the matrix are isotropic, the stress—strain relationship for each component and the composite

is,




Mathematical Formulation

0. = Eq€c

o = Eyes

Om = Emem
where,

€., f,m= Strains in composite, fiber, and matrix, respectively

Ey,f,m= elastic modulus of composite, fiber, and matrix, respectively
Thus we get,
EiecAc = Efef A + EpemAm
The strains in the composite, fiber, and matrix are equal (e, = € = €m); then,
Ey = Efel + En%2

from definition of volume fraction,

2.2.2 Transverse Young’s Modulus

Assume now that, the composite is stressed in the transverse direction. The fibers and matrix
are again represented by rectangular blocks as shown. The fiber, the matrix, and composite
stresses are equal. Thus,

0c = 0f = Om

Now, the transverse extension in the composite A is the sum of the transverse extension in
the fiber Af, and that is the matrix, Ay,.

Ac=Af+ Ay (2.2)

Now, by the definition of normal strain,

Ac = teec
Ap = trey
Ay = tmem

where,
t,r,m = thickness of the composite, fiber and matrix, respectively

€.,f,m = normal transverse strain in the composite, fiber, and matrix, respectively

By using Hooke’s law for the fiber, matrix, and composite and substituting the equation we
get,

E2 Ef tc Em tc

Because the thickness fractions are the same as the volume fractions as the other two dimen-

10



Mathematical Formulation

sions are equal for the fiber and the matrix,

1 V V,
— _f+_m
E> Ef E.,

(2.3)

2.2.3 Major Poisson’s Ratio

The major Poisson’s ratio is defined as the negative of the ratio of the normal strain in the
transverse direction to the normal strain in the longitudinal direction, when a normal load
is applied in the longitudinal direction. Assume a composite is loaded in the direction par-
allel to the fibers. The fibers and matrix are again represented by rectangular blocks. The
deformations in the transverse direction of the composite (¢]) is the sum of the transverse
deformations of the fiber (5}) and the matrix (5]) as

58 = 6f + oy (2.4)

Using the definition of normal strains, poisson’s ratios for the fiber, matrix, and composite,
we get
—tppel = —ff]/llze% — —tmp2€l
where,
H12,c,f,m= Poisson’s ratio of composite, fiber, and matrix, respectively
However, the strains in the composite, fiber, and matrix are assumed to be the equal in the

longitudinal direction (e. = €5 = €,) , which, from Equation

M2 = UV + pm Vi (2.5)

2.2.4 In-Plane Shear Modulus

Apply a pure shear stress 7 to a lamina. The fibers and matrix are represented by rectangu-
lar blocks as shown. The resulting shear deformations of the composite J. the fiber & IZ and

the matrix J,, are related by

Oc = §f + Om (2.6)
From the definition of Shear strain,
5c — ’)’ctc
Of = Yrts
) m — Ym Em

where,
Ye,f,m= shearing strains in the composite, fiber, and matrix, respectively
t,rm= thickness of the composite, fiber, and matrix, respectively

11
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From Hooke’s law for the fiber, the matrix, and the composite,

Tc

Te = G2
_ Y
V= Gh
— Tm
Tm = G,

where,

G12= shear modulus of composite, fiber, and matrix, respectively The shear stresses
in the composite, fiber and matrix are assumed to be equal (7. = Tf = Tm), and the thickness
fraction is equal to the volume fraction we get,

1 Vi Vi
— =t " 2.7
G Gy Gp @7)

2.2.5 Ultimate Strength of a Unidirectional Lamina

In order to specify the failure criteria, we need to find total five ultimate strength parameters
for a unidirectional lamina.

Longitudinal Tensile Strength (Ult ) ult

Longitudinal Compressive Strength (¢7),;;

Transverse Tensile Strength (03) .

Transverse Compressive Strength (03)

In-Plane Shear Strength (712) ;¢

We have considered fibers with square array packaging, as shown in figure 2.2. The ratio

of the diameter d, to fiber spacing s is d/s, varies with geometrical packing.

d 4 x Ve V2
E:( nf) (2.8)

This gives a maximum fiber volume fraction of 78.54% as s > d.

12
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S

S
S

e
0O

Figure 2.2: Fiber to fiber spacing in square array packaging geometry

Longitudinal Tensile Strength

A simple mechanics of materials approach model is presented.

Assume that
* Fiber and matrix are isotropic, homogeneous, and linearly elastic until failure.

* The failure strain for the matrix is higher than for the fiber, which is the case for poly-

meric matrix composites.
Now, if
o = ultimate tensile strength of fiber
Fult Itimate tensile strength of fib
E F= Young’s modulus of fiber
O = ultimate tensile stren of matrix
.t = ultimate tensile strength of matri

E;; = Young’s modulus of matrix
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(0- f)ul polre : Fiber
Stress, o :
X Composite
(O )it | oo ................................... 5 Matrix
(ef)ult Strain, € (€m)unt

Figure 2.3: Stress—strain curve for a unidirectional composite under uniaxial tensile load
along fibers

Then the ultimate failure strain of fiber is,

(Of)ult
(€f )t = 20 (2.9)
f E P
And the ultimate failure strain of matrix is,
1o
(€m)urr = ( Zf)”” (2.10)
m

Because the fibers carry most of the load in polymeric matrix composites, it is assumed
that, when the fibers fail at the strain of (e f)u 1t, the whole composite fails. Thus, the com-

posite tensile strength is given by,
(0'1T> ult = (Uf)ultvf + (ef)ultEme (2.11)

Longitudinal Compressive Strength

Using maximum strain failure theory, if the transverse strain exceeds the ultimate transverse
tensile strain, (62T )uit, the lamina is considered to have failed in the transverse direction.

Thus,
E1 €T
(0F) s = 2D (212)
Uiz
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For the value of (1), we used the mechanics of material formula,

()= (e8),, |2 (B 1) 1

2.2.6 Electrical Conductivity & Thermal Conductivity

(2.13)

Applying the same rules for the electrical conductivity and thermal conductivity we get,

1
V.
(k_j: + Z—m> <k < kaf < Vikm (2.14)
m
Vf Vin !
m

2.2.7 Fiber Orientation

Generally, a laminate does not consist only of unidirectional laminae because of their low
stiffness and strength properties in the transverse direction [6]. Therefore, in most laminates,
some laminae are placed at an angle. It is thus necessary to develop the stress—strain rela-
tionship for an angle lamina. The coordinate system used for showing an angle lamina is
as given in figure 2.4. The axes in the 1-2 coordinate system are called the local axes or the
material axes. The direction 1 is parallel to the fibers and the direction 2 is perpendicular
to the fibers. In some literature, direction 1 is also called the longitudinal direction L and
the direction 2 is called the transverse direction T. The axes in the x—y coordinate system are
called the global axes or the off-axes. The angle between the two axes is denoted by an angle
6. The stress—strain relationship in the 1-2 coordinate system has already been established
and we are now going to develop the stress—strain equations for the x—y coordinate system.
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v

/,

Figure 2.4: Local and Global axes of an angled lamina [6]

The global and local stresses in an angle lamina are related to each other through the

angle of the lamina, ¢

O-X 1 0.1
oy | = [T} o (2.16)
Txy T2

T 71: sz c? 2sc (2.17)
7

and
¢z 2 2sc
[T} =2 &2 —2s (2.18)
—sc sc 2 —s?
where,
c = cos(0)
s = sin(0)

With that we can find the corresponding material property for the composite at different

fiber angle.
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2.3 Governing Equation

There are three kinds of loading is present in the MMC line. So, we have solved the equa-
tions of the MMC line individually and used the results simultaneously to study the failure
characteristics of the MMC line. The governing equations are partial differential equations
meeting the condition of the loading and distribution along the MMC line. The governing

equations are also modified to meet the criteria for finite difference method.

2.4 Electrical Governing Equation and Formulation

The DC current field flown across the MMC line creates a potential distribution. This poten-
tial distribution also tends to generate electro-thermal heat. Because of the various boundary
condition, the heat generation tends to change. We have formulated these equations that are

given following sections.

2.4.1 Electric Potential Distribution

In every material there is a property which creates a oppose in the current flow which is
known as resistance of the material. It varies to material to material and also in body length
and shape. The resistance solely depends on material and shape. The resistance is directly
proportional to length and inversely proportional to cross sectional area of the body. Like
thick copper wire is more resistive than thin copper wire. For material change the resistivity
changes. Resistivity is the fundamental property of the material.

The electrical resistivity is given by
A

where
p= Resistivity ((dm)
R= Resistance ((2)
A= Cross Sectional Area (1m?)
L= Length (m)

Electrical Resistivity can also be written as
E

where
E= Magnitude of Current field (V/m)
J= Magnitude of Current density (A/m?)
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Electrical resistivity is also the inverse of the electric admittance ¢ which can be written as

1
p=- (2.21)

where
o= Electric Admittance (5)

Electric Potential at any point is defined to be the amount of work required to move a unit
charge to the point from far away (infinity). At any point electric field is the negative gradi-
ent of the electric potential.

E=-V¢ (2.22)

where
¢= Electric potential (V)

For one dimensional case eq 2.22 becomes

__d¢
E= i (2.23)
In that case eq 2.20 can be written as
d¢
— = — 2.24
=0 224)

One dimensional Case

Applying divergence operator in eq 2.24 we get

d? d )
¢ P,

E:—( e Pax) (2.25)

This is the basic governing equation for evaluating electrical problem across a MMC line for

one dimension.

In this study the cross sectional area A across the metal is constant.

and J= A so ] is also constant and p depends on the temperature and position of the MMC

line.

Now there are various kinds of loading condition in the MMC line. Considering those vari-

ous cases.
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Case 1: When the MMC line has constant geometry and constant property.

d>¢

Case 2: When the material has varying geometry with constant property.

d*¢ dJ

Case 3: When the MMC line has changing property with constant geometry.

d¢ dp

Case 4: When the geometry and property changes across the MMC line.

d*¢ dp d]
iz~ U tegy) 22)
Two dimensional case

In the two dimensional case, geometry and properties can vary across both direction. The
governing equation for two dimensional case becomes.

32y 29 dp 9] do 9]
332 a—yz——( aﬂLPg)—( 3y P@) (2.30)

Like the one dimensional case there are various loading conditions. The cases are

Case 1: When the material has constant geometry with constant property.

?¢p ¢
%2 + a—yz =0 (2.31)

Case 2: When the material has varying geometry with constant property.

?¢ | P 9]
W + a—yz = —pg (2.32)

Case 3: When the MMC line has changing property with constant geometry.

P¢ , ¢ dp
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Case 4: When the geometry and property changes across the MMC line.

Pp Py p 9] o 0]
axz T = Usp teay) ~Ug, Tegy) 239
2.4.2 Electrical Boundary Conditions

The boundary conditions for electric potential distribution can be prescribed as electric po-

tential, electric insulation and electric current density. It can be visualized as.
(a) Prescribed Potential
L W
atx=zandy =+, ¢=0

(b) Prescribed Current Density

1 atx=0, Z—f = —pJ
2 atx=L, 9 — o]
3 aty=0, Z—ﬁ =0

d
4aty=w, =0

These boundary conditions are sufficient for current which is injected through full cross sec-

tion of one side and other side is grounded for the outlet of the current, is

9

Electrical Insulation = = 0
ay
Current Current
Input ’p % Output
w__ a2 Ty =0 9% _
ox ox
Electrical Insulation g—i =0

Figure 2.5: Electrical System

2.4.3 Joule Heating

Joule heating is a renowned phenomena founded by James Prescott Joule and was studied
by Henry Lenz at the same time. So it is often called Joule-Lenz phenomenon. Joule heating,

also known as resistive, resistance, or Ohmic heating, is the process by which the passage of
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an electric current through a conductor produces heat. Joule’s first law, also known as the
Joule—Lenz law [41] states that the power of heating generated by an electrical conductor is
proportional to the product of its resistance and the square of the current:

H « I’R (2.35)

When an electric field is applied by creating a voltage difference between two points, the
electrons attain a drift velocity aligned to the direction of the electric field. However, due to
the presence of ionic particles in the path, the electrons get scattered, increasing the kinetic
energy of the material and thus raises the temperature. From continuum description, Joule

heating can be written as

Glxy) = 5= | Vo 236

where A, is the Mechanical Equivalent of heat
In two dimensional case we can write

Glay) = (202 4 (22 (2.37)

2.5 Thermal Governing Equation and Formulation

The heat generation produced by the electric potential creates a temperature rise across the
MMC line. There are heat conduction and convection present in the MMC line. For that we
get a temperature profile in the MMC line. To determine the temperature profile we have to
derive the governing equation for the thermal section. We have also applied different types
of ambient condition like insulation, natural and forced convection. This creates an effect
in the heat transfer convection coefficient. To determine the coefficient we need some of the

non dimensional parameter. This parameter changes with different conditions.

2.5.1 Thermal Temperature Distribution

The governing equation of the thermal problem is the partial differentiation equation of 2™
order.The governing equation related to the temperature distribution in a MMC line in the
ambient temperature (Te) is

10 oT, 10 oT, hC

Ak=—) 4+ 5= (Ak==) — —(T — Tey) — €Ac(T* = T%) + G(x,y) = aC

19, oT
Aox ox’  Ady ay A

par (238)

where
A= Cross sectional area (1m?)
k= Thermal conductivity of MMC line (W/m.K)
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h= Convective heat transfer coefficient (W /m?.K)

C= Perimeter of the heat transfer surface (m)

a= Thermal diffusivity (m?/s)

Cp= Specific heat capacity (J/kg.K)

e= Emmisivity factor (0 ~ 1)

o= Stefen-Boltzmann constant= 5.67 x 10~8 (W.m 2. K—*%)

There are various kinds of conditions that we have considered in our study. At first we
have considered that it is a steady state condition so the time dependent temperature vari-
ant becomes zero. Heat radiation is not considered as the temperature rise is not that big
and radiation is insulated. The thermal conductivity of the material varies at the direction
of longitudinal and transverse. So, the conductivity is not constant for the material direc-
tion The cross sectional area and thermal conductivity is uniform across the MMC line. So,
considering these conditions eq 2.38 becomes
T  , *T KhC

kwarkya—yz—z(T—Too)vLG(x,y) =0 (2.39)
This is the simplified equation for determining the temperature field across the MMC line.
Convective heat transfer coefficient ‘4" depends on the surrounding ambient condition and

air properties.

2.5.2 Thermal Conditions

There are three different condition considers in our study. The convection coefficient 'h’
depends on this condition.

1. Thermal Insulation: The whole body of the MMC line is insulated so that no heat
transfer is allowed. in that case h=0 W/m?2 K.

2. Natural Convection: The whole body of the MMC line is subjected to heat transfer
with surroundings without any air speed. So, no fan is required for this process. This
is called natural convection. It is a phenomena that is generated by differences in fluid

density but not through external source. The convective heat transfer coefficient is
considered to be h=10 W /m?.K.

3. Forced Convection: The whole body of the metal is subjected to heat transfer with
surroundings with a constant air speed. The air is provided with a external fan. The
body can heat transfer through one side or two side depending on the air flow condi-
tion. This is called forced convection. The heat transfer coefficient depends on various

non-dimensional parameters.
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2.5.3 Convection Coefficient

Convection and conduction are similar in that both mechanism require the presence of a
material medium. But they are different in that convection requires the presence of fluid
motion. Heat transfer through a fluid is by convection in the presence of bulk fluid motion
and by conduction in the absence of it. So when the fluid flows over a solid surface or
inside a channel where the temperature of the fluid and solid surface are different. Heat
transfer between fluid and solid surface takes place as a consequence of the motion of fluid
relative to the surface, Rate of convection heat transfer is observed to be proportional to the

temperature difference and is conveniently expressed by Newton’s law of cooling as,
Qconv = Ash(T - Too) (2.40)

The transition from laminar to turbulent flow depends on the geometry, surface roughness,
flow velocity, surface temperature, and type of fluid, among other things. flow regime de-
pends mainly on the ratio of inertial forces to viscous forces in the fluid. Reynolds number

is the ratio of the inertial force to the viscous force of a fluid flow. It is defined as,

Re; — Inertia force VL

— T = 241
Viscous force v @41)

where
Rer= Reynolds number
V= Velocity of fluid (m/s)
L= Characteristics length (m)

v= kinematic viscosity (m?/s)

At large Reynolds numbers, the inertial forces, which are proportional to the fluid density
and the square of the fluid velocity, are large relative to the viscous forces, and thus the
viscous forces cannot prevent the random and rapid fluctuations of the fluid. At small or
moderate Reynolds numbers, however, the viscous forces are large enough to suppress these
fluctuations and to keep the fluid “in line.” Thus the flow is turbulent in the first case and
laminar in the second. The Reynolds number at which the flow becomes turbulent is called
the critical Reynolds number. The value of the critical Reynolds number is different for dif-
ferent geometries and flow conditions [21].

For a flat horizontal plate, if Re;, < 5 X 10° then the flow is considered laminar otherwise
the flow is turbulent.

Prandtl, Pr number is a Dimensionless number. It is defined as the ratio of momentum dif-
fusivity and thermal diffusivity. Note that whereas the Reynolds number are subscripted
with a length scale variable, the Prandtl number contains no such length scale in its defi-
nition and is dependent only on the fluid and the fluid state. As such, the Prandtl number
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is often found in property tables alongside other properties such as viscosity and thermal
conductivity.

For most gases over a wide range of temperature and pressure, Pr is approximately con-
stant. Therefore, it can be used to determine the thermal conductivity of gases at high tem-
peratures, where it is difficult to measure experimentally due to the formation of convection
currents.

The Nusselt number is the ratio of convective to conductive heat transfer across a boundary.
The convection and conduction heat flows are parallel to each other and to the surface nor-
mal of the boundary surface, and are all perpendicular to the mean fluid flow in the simple

case.

_ Convective heat transfer _ hL
 Conductive heat transfer  k

Nuj (2.42)

Nusselt number also depends on the isoflux and isothermal boundary conditions of the
MMC line. The correlations are given in table A3.

In the table we can see the changes of different conditions with respect to conditions. In
our study we have considered average heat transfer coefficient in isoflux boundary condi-
tion.The heat transfer coefficient also varies with these conditions. Average conditions give
the average heat transfer coefficient over the MMC line.

2.6 Stress Governing Equation and Formulation

Stress modeling of a MMC line is necessary for understanding the failure characteristics
across the body. There are two different kinds of loading is applied. Mechanical and ther-
mal loading creates stress in the MMC line. So, different formulation is required for the
analysis if stress. In the early stages G.B. Airy had given a stress function approach using
¢ formulation. But the difficulties involved in trying to solve practical problems using the

stress function are pointed out by Durelli [29].

To formulate these problem we have to develop the governing equation in terms of oy, oy

and 0yy. Let us consider a rectangular element under load.
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(Txz)2 (Tax)s (02)6

(0% ) 2o=—— (Tyz)S (sz)6

(el Ao . /
(Tyz)4 /

z (0y)4

-~ dx

Figure 2.6: A cubical element subjected to loading [6]

In figure 2.6 the volume of the cubical surface becomes (dx xdy x dz). The force generated
in the body is in equilibrium state.

Considering force equilibrium along both axes.
%
Y F=0

(0x)18YAz - (0 )2AYAZ + (Tay )3AXAZ - (Tay ) aAXAZ + (Tox ) sAXAY - (Tox )6 AXAy
+ FAxAyAz =0

= [(0x)1 — (02)2] AYyAz + [(Tay )3 — (Tay)a] AXAZ + [(Tax)5 — (Tax)6] AxAY
+ FAxAyAz =0

— (‘Tx)lA—x(‘Tx)z 4 (Txy)3A_y(Txy)4 4 (sz)SA—Z(sz% =0

Now for limiting cases of the dimensions, i.e. Ax = 0, Ayarrow0, Azarrow0

(o)1 — (0%)

lim 2 4 lim (Txy)S_ (Txy)4 1 lim (sz)S_ (sz)

6
F,=0
Ax—0 Ax Ay—0 Ay Az—0 Az i

agx aTx]/ + asz

~ ox ay 0z

+F =0 (2.43)
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Similarly along y and z axis

doy 0Tz  OTy:
9y ox 0z

+F =0 (2.44)

90, | 9%z | 0T
0z ay ox

Three differential equation for general 3-D solids. They are also known as Navier’s Equation

+E =0 (2.45)

of Equilibrium

2.6.1 Two Dimensional Elasticity

Two dimensional elasticity approach gives us easy simpler way to analyze 3-D bodies con-
sidering them 2-D ones.

There are two simplifying assumptions by which 3-D bodies can be approximated as planar
problems and we can apply the above approach, which are,

¢ Plane stress conditions.
¢ Plane strain conditions.

Plane stress condition is considered to be a state of stress in which the normal stress o0,
and the shear stresses 7y, and 7, directed perpendicular to the plane are assumed to be
zero (but not the strain). Generally, members that are thin (those with a small z dimension
compared to the in-plane x and y dimensions) and whose loads act only in the x-y plane can
be considered to be under plane stress. Thus, a state of plane stress exists in a thin object
loaded in the plane of its largest dimensions. The non-zero stresses oy, 0yy, and Tyy lie in
the x-y plane and do not vary in the z direction. A thin beam loaded in its plane and a spur
gear tooth are good examples of plane stress problems.

On the other hand plane strain is said to be a state of strain in which the strain normal to the
x-y plane €;; and the shear strains ‘y,; and 7, are assumed to be zero. The assumptions of
the plane strain are realistic for long bodies (saying in the z direction) with constant cross-
sectional area subjected to loads that act only in the x or y directions and do not vary in the
z direction. The option i.e. the plane stress condition has been followed in the present study.
Thus,

Uzz = Tzx = Tyz = 0

With that we get,
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Ty

(4% dy (%%

Txy

%y
Figure 2.7: A rectangular element subjected to loading
The rectangular element of area (dxxdy) is considered to be both in plane stress and

plane strain condition. So, considering plane stress condition, the equilibrium condition for
equation 2.43, 2.44 and 2.45 becomes,

doy | 0Ty _
doy, 0Ty,
W e +F =0 (2.47)

2.6.2 Solution of Plane Problems of Elasticity

For plane problems there are some additional conditions we use to determine the compati-

bility equation. The conditions are,

ou d%ey %u

a5 T o g

ol Ty o
Y7oy T oox2 9x2oy

.. _a_u+@:>azrxy_ 3u N %0
Yoy ox T oxdy  0xdy?  9x2dy

The governing equation due to plane strain condition becomes,
02e, N d%e, _ 0 Yxy
dy2  dx2  Jxdy

For plane stress problems.

=

i €x — E[Ux — ]zlo—y]
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|~

1 2(14+u)

® Yxy = ETxy = TTXV

In this case the plane strain governing equation becomes,

92 0y — U, 92 0y — Uo: 02 2(1+
_2[ x y]+ 2[ Y x] _ [ ( ‘u)Txy]
ay E 0x E 0xay E
%0, oy oy 20, 9Ty
= o7 Mg tae Thae T2 K ag,
%0, 9%0y o, %0y 0% Tyy

2 T o2 w( 52 T 12 ) =2(1+p) axdy
The equilibrium equation of plane stress conditions can be written as,

. azax aszy

ox2 | oxdy 0
. oy 0Ty 0
dy2  Ixady
The governing equation,
%0, 9%0y B Ty
ox2 | oy2 T oxay
N 020, N %0y, %o, %0y %0, 00y

32 W‘“(WJFa_yz) = _(1+V)(W+a—y2)

~ Iy? T T T Jy? =0

This leads to the continuity equation of strain components.

92 92
(@ + W)(O'x +0y) =0 (2.48)

This is the compatibility equation of Elasticity.

2.6.3 Hooke’s Law

In simplest approximation solution of the stress and strain relation is taken to be linear
and it’s called Hooke’s law. The general approximation of the Hooke’s law with respect to
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thermal expansion coefficient of the material is,

(0x ) [C11 Ci2 Ci3 Ciu Cis Cig Ci7 Cig Cio| [€xx — azAT)
Tyy Co1 Cp Coz3 Gy Co5 Cpe Co7 Cog Coo| | €yy — ayAT
02z Cs1 Czp Caz Cag Css Cse Gy Csg Cao| | €2z — AT
Tyz Cyp Cpp Cy3 Cy Cg5 Cge Cgy Cyg Cyo Yyz
Tox ¢ = [Cs1 Cs2 Csz Csy Cs5 Csg Csz Csg Csg Vzx (2.49)
Tyy Cor Coo Ces3 Coa Cos Cos Co7 Cos Coo Yy
Tyz Crn Cn Cri3 Cu Cris Cze Czz Czg Cpo Vzy
Txz Cg1 Cgo Cgz Cgy Cgs Cge Csy Csg Cso Yz
( T2y [Co1 Cop Coz Cog Cos Cos Co7 Cog Co9] \  Tyx )

Where the 81 coefficients Cy1,- -« - - - -+ ,Cog are called elastic coefficient or stiffness. For the

equilibrium condition 7;; = Tj; and 1;; = 7yj;, equation 2.49 becomes,

(0x (C11 Cip Ci3 Cuy Cis Cig| [€xx — aAT)
Tyy Co1 Cop Gz Gy Co5 Cope| | €yy — ayAT
02z | _ Cs1 Csp C33 Cag Czs Cze| ) €2z — azAT (2.50)
Tyz Cyn Cpp Cy Cy Cg5 Cye Yyz
Tox Cs1 Csp Cs3 Css Css Cse Vzx
(Tix ) |Co1 Ce2 Ce3 Cea Cos Cos| | Tay )
From the consideration of strain energy density, it can be written as C;; = Cj;, Thus the 36
stiffness matrix comes down to 21 and the stiffness matrix becomes,
[Ciy Cpp Ci3 Cig Cis Cpg)
Ca Cxp Cp3 Gy Cps Cy
C C C C C C
[ Cij] _ |G G2 Gz Gau Gos Cae (2.51)
Cia Coy Cay Cy Cys Cye

Materials having symmetry with respect to one plane is referred to as non-clinic material.
For such cases of material, transformation of the axes can be done and found that Ci4 =

Ci5 = Coy = Co5 = C34 = C35 = Cyy = Cy = Cs6 = Cg = 0, then the number of stiffness
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matrix becomes 13 and equation 2.51 becomes,

<] =

0 0
0 0

Cin Cip Ci3 O
Cyny Cxp Cxpn O
G G C33 O

Cys4
Cys

[Ci6 Co6 Gz 0

0 Cy
Cys O
Css

0

(2.52)

Again an orthotropic material has at least two orthogonal planes of symmetry, where mate-

rial properties are independent of direction within each plane. Normally the reference sys-

tem of coordinates is selected along the principal plane of an orthogonal material include a

single lamina of continuous fibre composite arranged in a rectangular array, a wooden bar

and rolled steel. For such cases of material symmetry. Examples: C14 = Cp6 = C36 = C45 =0

and then this type of materials require 9 independent variables as elastic constants in their

stiffness matrix as follows.

[Ci]} orthotropic 0 0

Cn Cp Gz 0 O

Cop Cn C3 0 O

|G G2 Gz 00

B 0 Cyu O
0 0 0 0 Css

i 0 0 0 0 0

o O O O

0
Ceo |

(2.53)

Most metallic alloys and thermoset polymers are considered isotropic material, where by

definition the mechanical properties are independent of direction. In this case there are

infinite planes of symmetry. Such materials have only two independent variables i.e. elastic

in constants in their stiffness matrix as,

G -
[ g isotropic

Cin C2 Cp2

Ci2 Ci1 Cp2

Ciz Ci2 Cpp
0 0 0
0 0 0
0 0 0

o O O O

0

Cii—Cp
2

(2.54)

The summarised form of independent elastic constants for general anisotropic, anisotropic

with symmetric stress and strain components or with energy consideration, orthotropic and

isotropic materials can be thus presented in table 2.1 as follows.
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Table 2.1: Elastic Components

Serial =~ Material Condition No of Constant
1 Anisotropic General form 81
2 Anisotropic Equilibrium condition 36
3 Anisotropic Stain energy consideration 21
+ Monoclinic Symmetric to a plane 13
5 Orthotropic Having Mutually Perpendicular Plane of 9
Symmetry
6 Isotropic ~ Same Elastic Properties in all Directions (having 2

Infinite Perpendicular Plane of Symmetry)

As we are working on the orthotropic material, we need to reduce equation 2.50 to two

dimensional form. For two dimensional case of orthotropic material, stiffness matrix given

in equation 2.50 can be reduced to

where,

and,

Oxx Qn Qi Que| [€xr—axAT
Oy ¢ = |Qar Qo Qog| | €yy — 4yAT (2.55)
Ty Qe Qs Qs Yxy

Q11 = Qu1c05*0 + 2(Q12 + Qee)sin>0cos?0 + Qapsinte

Qqp = Qua(sin*0 + cos*0 + (Q11 + Qa2 — 4Qse)sin?0cos?0

Qyp = Q115in*0 + 2(Q12 + 2Q¢)sin?0cos?6 + Qopcos*d

016 = (Q11 — Quz — 2Q46)sin0c0s30 + (Q1a — Q2 + 2Q¢s)sin>0cosh
Q6 = (Qu1 — Q12 — 2Q¢6)sin0c0s0 + (Q12 — Qaz + 2Qe6 )sinbcos 6
Qs = (Q11 + Q22 — 2Q12 — 2Q¢6)sin?0c0s*0 + Qeg(sin* + cos*o)

2
O = En Efy
1=p12p21 Eq1—u3,Exn
Ey1Ep

E
Q 22 —

27 T-pnpn ~ En—i#3,En

Q= Oy = piEz _ _porEui _ poEnEx
12 217 T popn 1—p1opn Eyy—p3,E»
Qes = G12, Q16 =0Qx =0

In the above displacement formulation, the stresses are expressed in terms of the displace-

ment components for their determination. The three stress—displacement relations for the
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plane problems of orthotropic materials, obtained from equation 2.55 are as follows,

Oy

@118— + Q12 y — (Qqyox + Qo )AT (2.56a)
Q12 a =+ sz y — (Quattx + Qpay )AT (2.56b)
_ ou,

= Qg ab; ab;y) (2.56¢)

Now substituting this equations in equation 2.46 we can get

0 — . Ju ou
P [Qn ax le — (Quax + Quoay)AT] + @[Q%(—x + a—xy)] =0
o%u _ 82 oT ou ou
= Qu 2 -+ lea Y — (Quax + Qu“y) ol Qe yx + axa]y/) =
e 0n 5 (G + B T 1 B T — @+ Bp) L =0 @57)
11 y.0 a 2 12 66 axay 66 ayz 11%x 12%y ax - .
and also from equation 2.47 we get
_ _ — Jdu ou
[le ax sz 3y ) (Quattx + Qopaty ) AT] + [Q66( yx axy)] =0

— uy 9%y oT — %u, 9%y

leaxay +Qn=—> 8y2 — (Qupox + szﬂéy) 3y + Q66(axay + a_yz) =0

0%y 02 %y oT

Ux
= Qn=> ay2 +(Qua + Q66)a 3y + Qo= Fye 2 — (Qupox + Qzﬂy)@ =0 (2.58)

2.7 Displacement Potential Function

Now, we have to solve the equations to determine different components across the MMC
line. As the difficulty of solving multi variable solution is high, a single variable ¢ is intro-
duced to deduce the equations to a single variable. The variable satisfies the stress equations
and the corresponding boundary conditions. It is called displacement potential function and

defined with ¢ of space variable x and y. The components are expressed as follows,

821’0 az¢ 821’0
Uy = Dél—axz + & xdy + tX3—ay2 (2.59a)
0% P P
_— _— 2'
Uy = 0y o2 + a5 %9y + &g ayz (2.59b)

Substituting the equation 2.59 in equation 2.57 we get,
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— 9 Py 0%y XY, —~ - 9 Y 021 0%y
Q11a 2[041a 7 T o5 ay+“36y2] (Q12+Q66)m[“4@+“5axay+“ ]
— 9. %y 0% L S— — oT
+ Q66a 5 oz "‘Zaxay +as ayz] — (Quiax + lefxy)g =0
_ o4 o4 o4 . - o4 o4 o4
= Qi lerle v + a3 v Y Y Y ]

oxd axzgyr) T (Qut Qeellagzy, +asg75.7 T 65,55

oty oty oty oT
+ Q66[041a Ty tazs P + a3 3y 4] — (Quuax + Quoay) == o =0

dx39y

_ oy _ — = oy — = | = = oy
= 0¢1Q11m + 2011 + a4(Q1p + Q66)W +a30Q11 + a5(Q10 + Qg) + 0‘1Q66W
_ _ _ 4 _ ot — — oT
+ a6(Q12 + Qeg) + “ZQ%ﬁ + “3Q66a_y1£ — (Qpax + le"‘y)g =0 (2.60)

Again substituting equation 2.59 in equation 2.58 we get,
— 821,0 021 Py, —~ = 3 Y 0%y 021
sza—yz[ 92 T 56x8y + “6ﬁ] + (Qu2 + Qéé)m[ﬂélﬁ + ”‘Zaxay +as ayz]
02 . 9%y 0%y azl[J — — 0T
+Q66a 2[064a 7 T 551 ay—l-“éayz] (Q12“x+Q22“y)@:0
— oy oty M, = = o'y o'y o'y
= sz[“4axzay2 + w58x8y3 + a6 8y4] + (Qu + Q66)[“1m + “28x28y2 + ‘xsaxayg]

oty oty oty oT
3xt T 530y T M aazgyr] — (Quix + Quaty) 50 =0

+ Qo4

= o'y = |~ ~ o' = = | A —~ oty
= “4Q66@ + a1(Q1p + Qgp) + “5Q66W + 24Qp + #2(Q12 + Qgp) + “6Q66W
— — = oy L E— — oT
+a5Q0p + a3(Q1n + Q66)W + 046Q228—y4 — (Qpx + sz“y)@ =0 (2.61)

2.7.1 Temperature Variation only in x-direction

Now, let’s consider the temperature varies in x-direction so we can write, % = 0. So, from
equation 2.61 we get,

_ oYy — oty — S — — oty
= “4Q66W + 21(Q12 + Qep) + “5Q66m + 24Qp + #2(Q12 + Qep) + “6Q66W
oty — oty

+ a5Q2 + a3(Q12 + Q66)a e +a6Qp = ayt 0
Equating the equation on both side we get,
e oy =20

Q66
O+ Qe
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25Qyp + 22(Q1p + Qgs) + %6Qes = 0= ap =0

o 250 +a3(Qp + Qgs) = 0= a3 = —%
12 66

L4 Dé6:0

® N5 =1

Now from equation 2.60,

ralie] 4 ralile) reiiel 4 rafile] 4
- Qes-Qu1 }8 1P+{__Q11'Q_22 + (Qu + Oce) Qe6-Qes }aa (4 { Q22-Qe6 9P

Qip + Qg 0x* Q12 + Qes N Q1 + Qg 0x%0y? N Q2+ Qgs” *

— — oT
— (Quax + le“y)g =0
Qe6-Q11 (09 Q11-0» = A Qo6-Qe6 | 'Y Q2-Qes '
= — + 1= = — + + = — + 1= ~—
=1 Q12 + Qss J ox* t Q12 + Qse Q12+ Qso) Q12 + Qss J 0x20y> {Q12 + Qg Oy

— — oT
+ (Qp1ax + Q12’Xy)g =0

'Y | Qn Qb C2Qp Y | Qpdtp
= 52T = = A = 32 T = o
0x* Qg Qg6-Qu1  Qqq 9x°0y Qn_a]/ B
Q12 + Qe oT

+(=—="")(Quax + Qpay) - =0 (2.62)
Qe6-Qu1 ’ " ox
This is the bi-harmonic equation for the MMC line along x-direction. For that equation 2.59
becomes,
. U= @66_ P’y _ @22_ P
Qu2 + Qo6 9¥* Q12 + Qg6 9
9%
My = 0xdy

Now from equation 2.56 0y, 0, and Ty, becomes,

= ;9 Qe P’y Qn Py = 9 PP = ol AT
ox = Qg % 0n +§66} 722 {@12 +§66} 3 + leay(axay) (Quiax + Qppaty)
_ QnQe Py = Py 011.0p ¢ = =
B _le + Qg 9%° O oxdy? N Q12 + Qg6 99y ~ (Quiet Quay) AT
 OnQk Y |~ Q1.0 | Py = =
Oy = T Op + O 033 + (Qu2 — o0 +§66)axay2 — (Qu1&x + Qo) AT (2.63)
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6= Qg {5 2158 ij%}gj + Qg (3) — (@ + QAT
- —@?;1%; - @?:1%; Qs+ Qa7
Q663}/{_Q12%6Q66}3xq2} Gﬁzz@% 32;/] @“aax(aajgpy)
O 0 o G 0t Doty

ty = (s — 2000 ) D0 _ Qo Que 7 (2.65)

Qi+ Qg6 02y Qqp + Qg 9Y°

2.7.2 Temperature Variation only in y-direction

Now, let’s consider the temperature varies in y-direction so we can write, % = 0. So, from
equation 2.60 we get,

oy — = oy
= “1Q11m +a2Q11 +a4(Q1n + Q66)a %y + 23011 + a5(Q12 + Qe6) + “1Q66a %9y7
oty — o'y 0

+ 6 (Q12 + Qgs) + “2Q66a e + a3Qe6 =7 ayt

Equating the equation on both side we get,

® N = 0
o 1011 +a4(Q12+ Qes) =0 = 4 = ——_Q—H—
Q12 + Qss
o 3011 +a5(Q12+ Qep) + 41Q66 = 0= a5 = 0
Qs
. + Qee) + —0
26(Q12 + Qgs) + 12Qgs = 0 = a6 = O+ 0w
. 00— __@66@_66
Q12 + Qes
® N3 = 0
Now from equation 2.60,
Qe6-Q11 QunQ» Qs6-Qss Q27 Q6 1P
_ + _
= Q12+ Q6 } 8x { Q12+ Q6 +(Qn+Qs) - Qun+ Q66}axzay 1 Q12+ Qgs 0

oT
— (Qpoax + sz“y)@ =0
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Qe6-Qn1 0Q11-Q2 Qe6-Qs6 Q2-Q¢6
_|_
=13 Q12 + Qs } ax4 13 Q12 + Qs Q2+ Q)+ Q12+ Q6 J axzay {Q12 + Q6 } al/

oT
+ (Quaox + sz"‘y)@ =0

341P+ ?zz __@%i _2_512) ot ?22 ot
oxt Qg Qge-Qu1  Qpp 9x%y*  Qyp Iy?

Q12 + Qee 5. 49T
+ (=—="")(Qu2tx + Quotty) 5~ =0 (2.66)
Qe6-Qu1 " " ay
This is the bi-harmonic equation for the MMC line along y-direction. For that equation 2.59
becomes,
9%y
= 0xdy
T Qu Py Qe Py

Q12+ Qe W Qpp + Qg 92
Now from equation 2.56 0y, 0, and Ty, becomes,
_ 0% Qu ¢ Qe
Oy = — -
= Qu ax(axay) Qo ay{ Q12+ Qe 9%*  Qpp + Qge ay }
— %y Qu-Qip %y 012Q66 ¥ = o]
Ny + o )AT
QHBXZay Qn+ Q66 932y Qyp + Qge Y’ ~ Qute - Quaty)

A 01Qg PP Q1nQe Py~ =
Ox = (Qll 612 +§66)ax28y @12 +G66 ay3 (Qllax + le“y)AT (267)

(Qnax + Qay)AT

—~ 0 ,0% Qn 0 Y Qes =
= Quy, dx (axay) Q ay{_ Q2+ Qe 9> Qo + Qe a]/ } (Quatts + Qaatty) AT
3
— Ob Py OnQn P 00nQg Py (Orattx + Opotty) AT

0x2y  Qqp + G66 0x20y  Qy + Qg OY°

= Q11.Q0 | %9 00.Q¢ Y = —
— (O, — Qpottx + Qpotty)AT 2.68
Oy = (Q12 Q12 Qes)ax ay le Q66 ay — (Qppa 220‘3/) ( )

= 9, . Qn %Y Qs
= Res ay(axay) Qs ax{ Q12+ Qo6 9% Qpp + Qge ay }
-0 PP 01-Qes Y Q66-Q_66 Py
©0x9y2  Qpp + Qs 0° Qi + Qe 9132
_ Q1Qe Py Q11-Qe Oy 2 69
b Q12 + Qe 9x9Y*  Qyp + Qg 9%° (269)
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2.7.3 Von-Mises Stress

The Von Mises stress is often used in determining whether an isotropic and ductile metal will
yield when subjected to a complex loading condition. This is accomplished by calculating
the Von-Mises stress and comparing it to the material’s yield stress, which constitutes the
Von-Mises Yield Criterion.

The general equations for determining Von-Mises stress are,

Oy + 0, Oy — 0,
_ Ox + 0oy Ox — 0y, 5
Oy = 2 - \/(T) + Txy (2.70b)

where, the principal stresses 01 and 0, are the maximum and minimum normal stresses on

the element at the geometric center of the plate.

So, the Von-Mises stress becomes,

Tvon—mises = \/0_12 — 0102 + (722 (2.71)

2.74 Mechanical Boundary Conditions

In a PCB trace which is rigidly attached to the surface of the board have a specific boundary
conditions. As the movement along side the edges is fixed so the displacement along those
edges become zero. So, in that case the four edges of the MMC line has same boundary
conditions in our thesis. As the governing equation of the stress problem is 4/ order, there
are two boundary conditions in each edges. The boundary conditions are,

* u, = 0, along four edges

* u, = 0, along four edges

2.8 Failure Theory

The failure theory is based on the total failure theory of Beltrami. Tsai-Wu applied the failure

theory in a lamina in plane stress[6]. A lamina is considered to be failed if,
Hy01 + Hpo + HeTiz + H1107 + Hp03 + Hes T + 2Hppo10p < 1 (2.72)

is violated. This failure theory is more general than the Tsai-Hill failure theory because it
distinguishes between the compressive and tensile strengths of lamina.
The components Hy, Hy, Hg, H11, H22, Hip and Hgg of the failure theory are given as follows,
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1 1
H, = —
(01 )ult (01 )ult
1 1
H, = —
(02 )ult (02 )ult
Hg =0
1
Hy1 =
1 /ult\Y1 Jult
(0 )ute (07 )i
1
Hy,
2 Jult\Y2 jult
(03 )ute (05 )i
1
66
(le)ilt
H L ! per Mises-Hencky criterion
12 — —31 ’ - .
2 (U1T)ult(Uf)ult(gg)ult(gg)ult
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3.1 General

While the derivation of the governing equations for most of the problems is not unduly
difficult, their solution by exact methods of analysis is often difficult due to geometric and
material complexities. In such cases, numerical methods of analysis provide alternative
means of findings solutions. Numerical methods are techniques by which mathematical
problems are formulated so that they can be solved with arithmetic operations and always
give an approximate solution. Although numerical methods can’t give an exact result, it
is used extensively by the researchers to save money and time, compromising with the ac-
curacy, especially when analytical methods are not available. The error in this method is
consistent across the whole calculation and also can be minimized using higher order of the
numerical solution. The more the higher order, the lesser is the error in the approximation.
Numerical methods typically transform differential equations governing a continuum to a
set of algebraic equations of a discrete model of the continuum that are to be solved using
computers. The use of a numerical method and a computer to evaluate the mathematical
model of a process and estimate its characteristics is called numerical simulation. There are

several reasons why an engineer or a scientist should study a numerical method:

1. Most practical problems involve complicated domains (both geometry and material
constitution), loads, and non-linearity that forbid the development of analytical solu-
tions. Therefore, the only alternative is to find approximate solutions using numerical
methods.

2. A numerical method, with the advent of a computer, can be used to investigate the ef-
fects of various parameters of the system on its response to gain a better understanding
of the process/system being analyzed.

3. Itis cost effective and saves time and material resources compared to the multitude of

physical experiments needed to gain the same level of understanding.

4. Because of the power of numerical methods and electronic computation, it is possible
to include all relevant features in a mathematical model of a physical process without
worrying about its solution by exact means.

5. Those who are quick to use a computer program rather than think about the problem to
be analyzed may find it difficult to interpret or explain the computer-generated results.
Even to develop proper input data for the computer program, a good understanding

of the underlying theory of the problem as well as the numerical method is required.
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3.2 Finite Difference Method

The finite-difference method is one of the oldest numerical methods known for solving
PDE’s. In finite difference method, the derivatives of an original differential equation are
replaced by the finite divided difference formulae for derivatives which are obtained by ap-
proximations of Tailor’s series. So a differential equation is converted into a set of linear
algebraic equation which can be solved by a suitable technique. Since all finite difference
formulae are approximation of infinite series of differences, it is necessary that the series
should converge or the error caused by the truncation should be sufficiently small to give a
reliable result.

In this method, the region of the body under consideration is divided by lines parallel to
the co-ordinate axes. And points hence formed at the intersection of these lines are treated
as a grid of finite number of discrete points which are called node points as shown in fig-
ure 3.1. The continuous problem domain is discretized so that the dependent variables are
considered to exist only at discrete nodal points. The finite difference form of governing
partial differential equation is applied to all node points except the boundary node points
and appropriate boundary conditions are applied to the boundary node points. To apply the
boundary conditions at the boundary, a false or imaginary boundary is considered outside
of real boundary as shown in figure 3.1. This imaginary boundary is necessary because each
boundary point is subjected to a pair of boundary conditions such as u,v or u,0y or u, Ty, etc.
From these two boundary conditions one is applied to real boundary and other is applied
to real boundary by using pivot at corresponding imaginary boundary points. This gives a
complete set of simultaneous equations, i.e. number of equations in the set is equal to the

number of grid points, which is solved by a suitable numerical technique.
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i l,j ,]+2 1,]+1

ij-1 i+1,j 1+1 ,j 1+2)

/ _| |_ \Bounda>y i,j-l —\\r-'

Physical Boundary

Imaginary Boundary

(a) 2" order scheme (b) 4" order scheme

Figure 3.1: Discretization of rectangular body into a grid of points

3.2.1 Finite Difference Approximation of the Derivatives

Finite difference formula of the derivatives are truncated from the Taylor’s series. If a cer-
tain function f(x, y) has continuous partial derivatives of considerably higher order, then

according to Taylor’s series the value of function at a point (i+1,j) and (i-1,j) can be given by,

2 3 n
FU+10) = Fli )+ hef' (1) + h ", )+ Z! M) A e + Z' "(i,7)+
(3.1a)
, , N o K, W, al% ong.
fU=17) = f@,]) = hef (@ f) + 57 ]) = 5 f ) e + (=) ) +
(3.1b)

where, h, = (xi+1,j - xi,j)

The level of accuracy of each form depends on the number of terms of the Taylor’s series
that are retained during the derivation of these formulas. There are three different kinds of

finite formulation is used in these cases,
1. Forward Finite Difference
2. Backward Finite Difference

3. Central Finite Difference
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The finite difference formula for the derivative for second order equation can be obtained

for 3 of these kinds. The equations are given below,

Table 3.1: Forward Finite Difference

Formula Order
£(xi) = —3f(xi) + 4f(29;z'+1) — f(xit2) O(2)
£1(x;) = 2f (xi) = 5f(xi41) Zz4f(xi+2) — f(xiy3) o(i?)
() = —5f(xi) +18f(xit1) — 24J;§;i+2) + 14(xit3) — 3f (Xit4) 0(2)
() = 3f(xi) — 14f (xit1) +26f (xi42) ;424(xi+3) + 11f(xit4) — 2f(xiy5) 0(2)

Table 3.2: Backward Finite Difference

Formula Order
Flx) = f(xi2) —4f;9;li1) +3f(xi) o(i?)
£1(x;) = —f(xis) + 4f(xi—2]32— 5f(xi—1) +2f(xi) 0(12)
1 = BT ) = T8 i) 287 i) = T8 () 57 ) ol
g = G i) = 247 ) 287 5) = WG )

Table 3.3: Central Finite Difference

Formula Order
f/(xi) _ f(Xi+1)2_}lf(xi_1> O(l’lz)
f//(xi) _ f(xi—l) - ZfI/E;CI) +f(xi+1) O(hZ)
f”/(xi) _ —f(xi_o) + Zf(xi—lz)h; 2f (xiy1) + f(xit2) O(hz)
F(x;) = f(xia) —4f(xi1) + 6f;§fi) — 4f(xiv1) + f(%i42) o)

3.2.2 Scheme of Finite Difference Method

The method of finite difference is an approximate technique which yields a direct simplified

solution form, in which the differential equations of equilibrium and the boundary condi-
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tions are replaced by a set of algebraic equations. The general approach of finite difference
solution assumes that the function can be represented in a prescribed range with a sufficient
degree of accuracy either by Taylor’s series with origin at the successive pivotal points of the
range or the polynomial which passes through a certain number of selected pivotal points.
The values of the functions at the nodal points are required to satisfy difference equations
obtained by replacing the partial derivatives by their difference formulae. All finite differ-
ence formulas are approximations to infinite series of differences. Therefore, it is necessary
that the series should converge, or that the error, caused by truncation after a certain num-
ber of terms should be sufficiently small. In this problem the pivotal points are taken as
the regular net points of the domain of dependence of the functions obtained y dividing the

domain by lines parallel to the co-ordinate axes.

Different region of the MMC line have to be considered as different finite difference scheme.
There are various forms of permutation in the finite difference scheme of solution can be

done. If we summarize the possibilities it can be shown,

y

(i forward, j forward)

® Pivot Point

O Node Point
Associated

X

(i backward, j forward) ﬂ‘ I ’> (i backward, j backward)
X

Figure 3.2: Application of Different form of Differential Equation

These different types of forms are required for the solution, if has to apply at different
parts of the body. If a rectangular body is considered then application of different forms are
shown in figure 3.2. Here it will be worthy to mention that, the shape and the number of the
node points of the stencils is same but the values of the coefficients of the associated node

points may vary or remain same.
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3.3 Numerical Modeling of Electrical Problem

The electrical governing equation and boundary conditions given in equation 2.31 for eval-

uating the finite difference scheme.

3.3.1 Electrical Governing Equation

The governing equation of the electrical problem is valid in the interior stencils of the MMC
line. So, central finite difference method can be used for minimization of the approximation
error. The order of the finite difference method is O(h2, hﬁ) The governing equation of 2.31
can be written for finite difference scheme are given below,

(Pig1,; — 2¢i; + ¢i—1))) n (Pijr1 —2¢ij +dij—1)

—0 (3.2)
2 n

The stencils can be described as,

ij—1

Figure 3.3: Stencils of Electrical Governing Equation

3.3.2 Boundary Conditions of Electrical Problem

To formulate the boundary conditions applied, we have to use both forward and backward
finite difference method of O(h2) and O(hﬁ) The stencils can be visualized as,

45



Numerical Formulation

>
@ —@- o

Case A: Forward Finite Difference

<
® —@- o
i-2,j  i—1,j i

Case B: Backward Finite Difference

Figure 3.4: Boundary Stencils Implementation

With that the finite difference boundary conditions are,

—b: i 40; - — 3:
e Left Boundary (Current Input): Pitaj 24;11“'] Pij _ —pJ

$ij —4Pi1j+3Pi;

¢ Right Boundary (Current Output): |

2h
o — 4 i1+ 3¢, ;
* Top Boundary (Insulation): Pij=2 42)lh] 1+ 30 -0
—; o+ 4O; 3 :
* Bottom Boundary (Insulation): Pij+2 2"24“ i, —~0

3.3.3 Heat Generation Governing Equation

The heat generation in the MMC line due to DC current field is given by the equation 2.37
can be written as a central finite difference scheme,
1 i1 — Pi-1\° n i1 — i1\ (3.3)
2%y 2h, '

G(x’y) = Amp
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3.4 Numerical Modeling of Thermal Problem

The thermal governing equation corresponding to equation 2.39 is formulated in central

finite difference scheme and given by,

Tiy1;—=2Tij+Ti;  Tijyn = 2T+ Tija hC
ky ) + ky 2 — Z(Ti'j — Too) + Gl',]' =0
X Y
ke ky k, ky %y 2k, hC hC
= %Tiﬂ,]’ + @Tifl,j + h—]%Ti,j+1 + h—}%Ti,jq “\ e + h_ﬁ T Tij=—Gij— ZT‘X’
(3.4)

The boundary conditions is the temperature kept at the boundary. In our case the bound-

aries are kept at ambient temperature.

3.5 Numerical Modeling of Stress Problem

The finite difference scheme of the stress problem is different from the others in the bound-
ary values as there are two different conditions for each boundary. So, we have to consider
an imaginary boundary to apply the boundary conditions on the MMC line. Both the phys-
ical and imaginary boundary are discretized using forward and backward finite difference
method. The governing equations for the interior stencils apply same method as there are
only the equations are considered. All the equations of the interior stencils are discretized

using forward difference method.

3.5.1 Stress Governing Equation

We have evaluated the governing equations for the stress problem in the previous chapter.
Now, the finite different scheme of those equations are discussed in this chapter. At first
we will derive the interior stencils governing equation with central finite difference method.

There are two bi-harmonic equations for change of temperature along x and y direction.
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3.5.2 Stress Governing Equation along x direction

The governing equations are given in equation 2.62. If we discretized the equation using
central finite difference method, it stands for,

—_ _2 —_
Yioj—4piq;+6y;i; —4ij+ i Q Q 2Q 1
— h41] R e —12}[h_2{2¢i—1,j_5¢i,j
% Qe Qe6-Qu1 Qu = %

+ 41— Yiroj — 4+ 100 — 8iyo ;i + 2Wits; + 21, — S0 +4Piis; — Piva)

1
+ m{%ul =21t i — 21 A — 200 i1+ i1 — 29041+ Yije )

1
+ h—z{ZlPi,j—l —59;;+4i i1 — Yijro — 4¢P+ 109; i1 — 8Wi 0 + 29 13 + 2 j 11 — Sy
y

ra) c o — Qs +6 P V] + U,
R e e
Qn hy

Q12+ Qe6\ = =
E——— X
Occ.On1 )(Qn“ + lelxy)

}

Tiv1;— T
—— =0 (3.5
oh. (3.5)

+

Now to determine the components equation 2.63, 2.64, 2.65 becomes,

ux:

B Q1o + Qg h3 Q1o + Qg hf

1
Uy = m [Wiv1,j41 — Yigr,; + Yijer — 2¢ij — Yic1j — Yic1j — Pij—1 + Pio1,j-1) (3.7)

@66 { l/]i_L]' — 21701"]‘ + 1/)1'4-1,]' } _ @11 {%‘,j—l - 21/)1',]' + l/]i,j-i—l } (36)

x = _—611.6—66 { ~¥i2j+ 21— 2inj+ l/’i+2,i} +(Qun— _511@_22
Q12+ Q6 2h3 5+ O

+4i1,j-1 — Pigo -1+ 6 — 8Piy1+ 200 — 31 +4ii i1 — Yir2j1}]
— (Quax + Quoay) (Tiv1j — Tio1j) (3:8)

1
) [Zh%hy {_31/}i,j—1

Q12.066 —Vi-2j+2¢i-1; = 2it1j + Yiraj, = Q12.Q 1
oy = __Q12 Q_66 Pioj + 21 2]h3 Yit1,j + it I\ 4+ (Qpp — _le Q_zz )[2}12}1 {(—31,1
Q12 + Qes X Qup + Qee” 2151y

+4Pi1j1 — Yiro o1+ 6%i; — 8Yitr,j+ 2¢iya — 31 + 4iv i — Piro1}]
— (Qpp0x + Gzz“y)(TH—l,j —Ti-1j) (B9)
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_ B Qe6-Qs6
Ty = (Qes Q12+ Q6

= 3¢iy1, + 411 — Yirrjr2t] —

1
)[thhy {=3¢i 1, +4¢i 101 — Yi1,jr2+6%i; —8ijr1 + 2910
X

Q5-Q¢s { —ij 2+ 21— 2¢i i1+ Yiji2

— =2 3.10
Q12 + Qs 2h3 ) 610

3.5.3 Stress Governing Equation along y direction

The governing equations are given in equation 2.66. If we discretized the equation using

central finite difference method, it stands for,
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Now to determine the components equation 2.67, 2.68, 2.69 becomes,
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3.54 Boundary Conditions of Stress Problem

As shown in figure 3.5 each boundary node points experiences two boundary conditions. If
both the two boundary conditions are applied at each boundary node points then the system
of linear equations will have a greater number of algebraic equations than the number of
points. Therefore, to yield a unique solution from the system of linear equations will be
very difficult.

This problem can be solved if only one boundary condition is applied in each boundary
node points. It can be accomplished by applying one boundary condition in a particular
node point and the other boundary condition in the next neighboring node point and so
on. But in that case, solving procedure of the problem becomes difficult in terms of applying
governing equation because central difference form of governing equation cannot be applied
at domain nodal points that are situated just next to the physical boundary.

To overcome this problem a boundary near the physical boundary is assumed to exist, which
is named as the imaginary boundary. If only the top boundary is considered then it can be
shown by figure 3.5.
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Uy 2'0 assigned to all outer uy = 0 assigned to all inner
top (imaginary) boundary top (physical) boundary

......................................

Imaginary Boundary

(a) (b)

Figure 3.5: Boundary Condition Management (a) without (b) with Imaginary Boundary

The boundary conditions applied in this study have been discretized using both forward

and backward finite difference scheme.

Boundary Conditions along x-direction

Forward Finite Difference
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Backward Finite Difference
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Boundary Conditions along y-direction

Forward Finite Difference
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Electro-Thermo-Mechanical Analysis

4.1 General

We have analyzed the response of graphite reinforced metal under the influence of a DC
current field. To understand the failure criteria, we have to analyze some of the parame-
ters under different loading condition. Aluminium has some distinctive material properties
given in table A4. Graphite also has some material properties which are given in table A5.
Also the material properties vary with the change of graphite volume mixture. To define
these material properties we have used the mixture law and the properties are given in table
A6.

For this process, we have first analyzed the electrical and thermal response for the metal
line. Different parameters (Electric Potential, Heat Generation) and temperature distribu-
tion field along the MMC line. With the progression of the DC current field, the temperature
rise is variant across the MMC line. This means the temperature changes with respect to
length and area. For failure criteria we have to identify the node and region of the maxi-

mum temperature as this is the region where the failure will occur first.

For the analysis of stress mechanics, different components (0%, 0y, Txy) are determined using
y-formulation. Then we have calculated the Von-Mises stress for the yield criterion.

We have discussed all these parameters in the later section.
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4.2 Distribution of Electric Potential, Temperature and Von-

Mises Stress
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Figure 4.1: Electric Potential, Temperature and Von-Mises Stress distribution along the MMC
line (10A current, 15% Graphite, Natural Convection)

In figure 4.1, we can see the different parameter distribution field across the MMC line. The
distribution field is generated due to the increase in current density applied at the bound-

ary. To see the change of this parameters, all the properties and thermal conditions are kept
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same. Different conditions are also applied to observe the changes along the MMC line.

In figure 4.1a, we can see the change of potential distribution along the MMC line. As the
left boundary x/L=0 is the input region of the current, the electric potential generated in that
region is higher. The potential decreases with the increase of the length. At the middle point
where x/L=0.5, the potential reaches to 0. With the increase of the length where x/L=1, the
potential reaches at it’s lower value. For different current density, the maximum and mini-
mum electric potential along with the internals changes, but the trend of the decrease of the
potential remains same. At the width of the MMC line, the electric potential remains same
along y/W=0 to y/W=1. This is because the length across the current is flowing remains
same along the width. For different current density, the maximum and minimum electric
potential along with the internals changes, but the trend of the decrease of the potential re-

mains same.

In figure 4.1b, we can observe the trend of the temperature distribution along the MMC line.
With the electricity, heat generation occurs along the MMC line. Electric potential creates
a gradient of heat generation. The maximum heat generation generates at the center of the
MMC line. Heat generation plays an important role for increasing temperature. The temper-
ature increases with the increase of the both length and width. When the electricity passes
through the MMC line, thermal conductivity of the composites dissipates the heat along the
MMC line. As the boundary are kept at ambient condition, the increase of the temperature
tends to go into the center. The dissipation of the heat is towards the center of the line. At
x/L=0.5 and y/W=0.5, most of the heat accumulates. So, the maximum temperature occurs
at the center of the MMC line.
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4.3 Potential and Temperature Field
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Figure 4.2: Electric Potential and Temperature distribution along the middle of the metal
line for different Graphite content (10A Current, Natural Convection)

We have determined the electric potential and temperature across the length of the MMC
line at the middle of the width. Figure 4.2 represents the change of the electric potential and
temperature along the length of the MMC line.

The maximum electric potential can be found at the input region of current. Figure 4.2a
shows that the same. Along the length the potential decreases and at middle of the MMC
line it becomes zero. At the end of the line where output of current region occurs it becomes
lower. We can see that the graphite percentage changes the potential field. This is due to
the fact that with the increase of graphite content, electric resistivity increases. This in term

increases the electric potential generated.

The temperature increases with the length as the heat dissipates in the middle. Because the
electric potential becomes zero at the middle. So, because of the high heat generation in
the middle the temperature increases. Figure 4.2b shows that the high temperature at the
middle. With the length the temperature increases. The temperature at the boundary where
x/L=0 and x/L=1 are kept at the ambient temperature. The temperature field also depends
on the graphite content. With the increase of graphite content electric resistivity and ther-
mal conductivity increases. So high heat generation occurs. In that case, the temperature
increases with the increase of graphite content.
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4.4 Stress and Temperature Increase
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Figure 4.3: Maximum Temperature and Von-Mises stress increase with respect to current
density at different fiber orientation (15% Graphite, Natural Convection)

With the increase of the current density both temperature and von-mises stress increases.
This is due to the increase of the high electric density. Due to increase of graphite content

electric resistivity increases. For this both temperature and von-mises stress also increases.

In figure 4.3a, we can see that the temperature increases with the increase of the graphite
content. Electric resistivity increase is much significant than increase of thermal conductiv-
ity, so, the resistivity plays a vital role in increasing the heat generation. So, the temperature
increases with the increase of graphite content. For a fixed graphite content, we can see an
increase of temperature with the increase of current. Using the melting point of Aluminium
we can determine the maximum current density for melting failure for a fixed graphite con-
tent.

Similarly, in figure 4.3b, the von-mises stress also increases with the increase of graphite con-
tent as temperature creates thermal stress. When the von mises stress for a fixed graphite
percentage becomes higher than the strength the mechanical failure occurs. By this we can

determine the maximum current density for mechanical failure.
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4,5 Effect of Thermal Conditions
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Figure 4.4: Maximum Current Density before both stress and temperature failure point for
different thermal condition (5m/s air velocity, axial fiber orientation)

Thermal conditions play a vital role of decreasing the temperature and stress. As we can
see in figure 4.4 that with the change of thermal condition from thermal insulation to nat-
ural convection, the maximum current carrying capacity increases slightly. But if a forced
draft cooling fan with 5m/s air velocity is used the current carrying capacity increases sig-
nificantly higher. This is due to the higher heat dissipation into the ambient temperature
with the increase of cooling air velocity. We can also see that the mechanical failure plays an
important role as it occurs before the melting failure in case of different thermal conditions.
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4.6 Maximum Temperature and Von-Mises Stress
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Figure 4.5: Change of Maximum Von-Mises Stress and Temperature for different fiber ori-
entation at different graphite content and different thermal condition (10A current, 5m/s air

velocity)

The maximum temperature and von-mises stress generated at the center of the MMC line.

As the failure occurs at the high temperature and stress point we have to consider the max-

imum temperature and stress. In figure 4.5 we have analyzed the temperature and stress
generation of the MMC at axial and lateral fiber orientation.

In case of axial and lateral fiber orientation, axial fiber always gives higher temperature and

stress. In figure 4.5b and 4.5d we can see that the maximum temperature and stress is lower
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in the lateral fiber. In lateral fiber orientation, the fiber remains in the perpendicular of the
current density. In that case the temperature and stress generation is lower than the axial
fiber orientation. Also, we can observe that the temperature and von-mises stress increase at
the higher graphite content becomes lower. This is due to the change of material properties.

With the increase of graphite content, the elastic limit of the MMC increases.
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4.7 Failure Characteristics
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Figure 4.6: Change of maximum current carrying capacity for axial and lateral fiber orienta-
tion for natural and forced convection (5m/s) at different Graphite content

In figure 4.6, we have discussed about the current carrying capacity of the MMC line. At
different graphite content we can see that the failure point decreases.

In axial and lateral fiber orientation current carrying capacity decreases with the increase of
graphite content. This is due to the increase of temperature and von-mises stress across the
MMC line. In case of temperature the current carrying capacity is relatively higher than of
stress. This is due to the stress exceeds the ultimate strength before the matrix reaches the
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melting point temperature. This means that the mechanical failure occurs relatively before
the melting failure. The failure due to melting is considered for aluminium matrix as the
melting point of aluminium is lower than graphite. In figure 4.6c and 4.6d we can see that
the current capacity is lower than melting as shown in figure 4.6a and 4.6b.
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Figure 4.7: Maximum Current Density before mechanical failure along MMC line for ther-
mal insulation, natural and forced condition (5m/s air velocity)

In case of axial and lateral fiber orientation, we can observe the current carrying capacity
in figure 4.7. In case of lateral fiber orientation shown in figure 4.7b, we can see that the
current carrying capacity is relatively higher than axial fiber orientation shown in figure 4.7a.
This is due to the high stress generation in the axial fiber orientation due to electric current.
Also the current carrying capacity remains closer at the higher graphite content. This is due
to the low change of material properties. In the higher graphite content, the elastic limit
becomes higher. In that case the compressive strength of the MMC line increases.
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4.8 Effect of Heat Convection
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Figure 4.8: Maximum current carrying capacity that can be withstand before the failure due
to mechanical at different cooling air velocity (15% graphite)

The increase of cooling air velocity increases heat conduction coefficient of air to plate. So,
more heat dissipates into the ambient temperature. Heat generation decreases due to the
cooling air and temperature rise decreases. In case of increasing air velocity, the current
carrying capacity of the MMC line increases. Discussed in previous section and as shown
in figure 4.8b, the lateral fiber direction current carrying capacity is higher than axial fiber
orientation.
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4.9 Validation

To check the dependency of the result we have cross checked the electric potential, temper-
ature and stress with finite element formulation as this is used in commercial simulation

based software.

Table 4.1: Validation Parameters

. . Finite Difference Finite Element Error
Orientation Parameter

Method Method (%)
Al metal line Max Temperature 314.332K 314.297K  0.011
Ambient Temperature=298.15K Max Electric Potential 0.084V 0.083V 1.20
Current Density=6.67 x 107 A/m? Min Electric Potential -0.084V -0.085V 117
Thermal Condition= Insulation Max Von-Mises Stress 31.382MPa 31.358MPa 0.0765
Al-Gr MMC line Max Temperature 371.198K 371.159K  0.125
Current Density= 6.67 X 107 A/m? Max Electric Potential 0.46V 0.45V 222
15% Gr and Axial fiber orientation Min Electric Potential -0.46V -0.46V 0
Thermal Condition= Insulation Max Von-Mises Stress 108.667MPa 108.638MPa 0.0267

4.10 Convergence Test

For different mesh size, the convergence of the result is calculated in our investigation. With

the increase of the mesh, the error generated due to different order decreases.

Table 4.2: Mesh Dependency

Max

Mesh Density Tem;z;e(r)ature E(I;Z;r M?i(/[it;)e 58 E(I;Z(;r

60*40 364.599 0.00 99.019 0.00
90%60 364.596 822 x 10~* 99.032 0.013
100*100 364.598 5.84 x 10~* 99.041 9.08 x 102
120*90 364.598 0.00 99.041 0.00
150*120 364.599 2.74 x 10~% 99.043 2.011 x 102
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Conclusion

In this presented work, we took an approach to determine the effectiveness of graphite
reinforced metal matrix composites. We observed the current carrying capacity of the MMC
line. We have also analyzed the effect of thermal conditions on the MMC line and the change
of current carrying capacity. To solve the problem we have developed a finite difference for-
mulation. We have developed the equations using a scalar variable . Different parameters
and conditions have been utilized to investigate the current carrying capacity of the graphite
reinforced metal matrix composite. In our study we have observed that the temperature and
von-mises stress increases with the increase of current density. The increase of graphite con-
tent also increases the temperature and stress as material becomes more elastic with that.

So, the compressive strength becomes higher.

With the increase of current density the electric potential increases which in terms increases
temperature. When the temperature reaches the melting point of the matrix (the matrix has
lower melting point), the MMC thermally fails. With the increase of graphite content, elec-
tric resistivity increases. Therefore, at higher graphite content, temperature rise is higher.

Melting failure occurs way before.

Temperature creates thermal stress across the MMC line. With the increase of current von-
mises stress generation increases. Similarly with the increase of graphite content, the stress

generation also increases.

We have analyzed the current carrying capacity at different thermal conditions. We can see
that the capacity decreases with the increase of graphite content. This is due to high temper-
ature and thermal stress rise. Different thermal conditions give different current carrying
capacity. Forced convection dissipates more heat into surroundings so current capacity is
higher at that condition.

For fiber orientation, lateral fiber orientation gives more current carrying capacity as the
fiber is at the perpendicular position of current flow. So, lateral fiber orientation is more

sustainable than axial in terms of electrical appliances.

In future different geometry can be applied to see the change of current carrying capacity of

the metal matrix composites.
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Appendix

Metal Matrix Composites

The material property that are set,

Table Al: Metal Matrix Composite

Dimensions

Dimensions of the metal line in different components

Table A2: Dimension of the metal line

Nusselt Number Correlations

All the correlations for Nusselt Number are

0.1

0.015
10~°

Table A3: Summary of the Correlation of the Forced Convection Flow Over Flat Plates

Isothermal (Ty, = constant) | Isoflux (g, = constant)
Laminar:
2. fx = Nuy = Nuy =
Reg_ ;325100 ’ 0.059Re; 1/° 0.332Rel/2pr1/3 0.453Rel/?prl/3
Laminar:
Cr= NuL = NML =
Rep, < 5 x 105; 7 172 172
0,6<Pr<si 1.328Re; "/ 0.664Rey/?Pr!/3 0.680Re}’?Pr!/3
Turbulent: Crx = Nu, = Nu, =
5 x 10°<Re,<107; 0.059Re; 1/° 0.0296Re%/°prl/3 0.0308Re%/°prl/3
Turbulent: Cf = Nuy; = Nu; =
5 x 10°<Re; <107; 0.074Re; '/® 0.037Re}/>Pr!/3 0.037Re}/>Pr'/3
Partly Laminar & Turbulent: Nu —
5 x 10°<Re; <107; Cr= Nup = 0037R”55;1/3
0.6 < Pr < 60; 0.074Re; 1/° —1742Re;, |  (0.037Re}’> — 871)Prl/3 —
Recr = 105 1+12.35x10°Re;
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Appendix

Material Properties

Material Properties of Aluminium

Table A4: Properties of Aluminium

Material Properties of Graphite

Table A5: Properties of Graphite

Axial

Transverse Ef
Axial
Transverse Kf
Axial N
Transverse |
Axial G
Transverse | "
Axial
Transverse () ute
Axial
Transverse (T
k
K

Properties of Aluminium Graphite Metal Matrix Composite
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Appendix

Table A6: Mechanical, Electrical and Thermal Properties of Aluminium-Graphite Composite
(Axial fiber)

0% 5% 10% 15% 20% 25% 30%

68.9 7696 85.01 93.07 101.12 109.18 117.23 | GPa
689 6410 5993 56.27 53.03 50.14 47.55 GPa
0.33 0.3285 0.327 0.3255 0.324 0.3225 0.321
26 25.77 25,54 2531 25.09 24.87 24.66 GPa
236 1.99 1.69 1.44 1.23 1.05 0.894 K x 10°
236 2.38 2.37 2.34 2.30 2.25 2.19 K x 10°
310 690.48 762.93 835.38 907.83 980.27 1052.72 | MPa
310 397.32 413.63 418.73 418.76 416.07 411.82 | MPa

Young’s Modulus

Poisson’s Ratio
Shear Modulus

Coefficient of Thermal Expansion

Ultimate Strength 280 867.73 877.33 892.63 907.89 921.22 931.84 | MPa
280 237.45 202.26 175.68 154.26 136.45 121.33 | MPa
138  133.2 1284 123.6 118.8 114 109.2 MPa
Thermal Conductivity 205 274.75 344.5 414.25 484 553.75 623.5 W/mK
205 214.34 224.58 235.84 24829 262.14 277.61 | W/mK
Electrical Resistivity 0.265 0.637 1.01 1.38 1.75 2.12 2.49 uQ.cm
0.265 0.279 0.294 0310 0.329 0.349 0.373 uQ.cm
Melting Point 923 923 923 923 923 923 923 K

Table A7: Mechanical, Electrical and Thermal Properties of Aluminium-Graphite Composite
(Lateral fiber)

0% 5% 10% 15% 20% 25% 30%

689 6410 59.93 56.27 53.03 50.14 47.55 GPa
689 7696 85.01 93.07 101.12 109.18 117.23 | GPa
033 0.3285 0.327 0.3255 0.324 0.3225 0.321
26 25.77 25,54 2531 25.09 24.87 24.66 GPa
236 2.38 2.37 2.34 2.30 2.25 2.19 K x 10°
236 1.99 1.69 1.44 1.23 1.05 0.894 K x 10°
310 397.32 413.63 418.73 418.76 416.07 411.82 | MPa
310 690.48 762.93 835.38 907.83 980.27 1052.72 | MPa

Young’s Modulus

Poisson’s Ratio
Shear Modulus

Coefficient of Thermal Expansion

Ultimate Strength 280  237.45 202.26 175.68 154.26 136.45 121.33 | MPa
280 867.73 877.33 892.63 907.89 921.22 931.84 | MPa
138  133.2 1284 123.6 118.8 114 109.2 MPa
Thermal Conductivity 205 214.34 224.58 235.84 248.29 262.14 277.61 | W/m.K
205 274.75 344.5 414.25 484 553.75 623.5 W/mK
Electrical Resistivity 0.265 0.279 0.294 0310 0.329 0.349 0.373 uQ.cm
0.265 0.637 1.01 1.38 1.75 2.12 2.49 uQ.cm
Melting Point 923 923 923 923 923 923 923 K
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Appendix

Electrical Interconnect Failure due to Joule Heating

Failure in
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Appendix

Electrical Problem Flow Chart
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Appendix

Thermal Problem Flow Chart
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Appendix

Stress Problem Flow Chart
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Appendix

Failure Characteristics Flow Chart
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